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Let G and A be finite groups with coprime orders. Suppose that A is solvable
Ž . Ž . Ž .and that it acts on G by automorphisms. Let C C A . By Irr G and Irr GG A
we denote the set of all irreducible and all A-invariant irreducible characters of G,
respectively. Let D C be a fixed p-subgroup of G for a prime p. Using the
Glauberman correspondence
 G , A : Irr G  Irr C ,Ž . Ž . Ž .A
Ž Ž . .A. Watanabe J. Algebra 216 1999 , 548565 recently established a Glauberman
correspondence between A-invariant p-blocks B of G with defect group D and
Ž . Ž .p-blocks B of C with defect group D. Let Br B and Br B be the Brauer1 1
Ž . Ž .correspondents of B and B in N D and N D , respectively. The main result1 G C
Ž . Ž .of this article asserts that the block algebras Br B and Br B are Morita1
equivalent. Furthermore, if G is p-solvable and D is abelian, then the block
algebras B and B are Morita equivalent.  2001 Academic Press1
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1. INTRODUCTION
Throughout this article G is a finite group and A is a solvable subgroup
Ž . Ž    . Ž .of the automorphism group Aut G of G with G , A  1. Let K, O, F
be a splitting p-modular system for all subgroups of a finite group G,
where O is a complete discrete valuation ring of rank one with maximal
Ž . Ž .ideal max O , residue class field F Omax O of characteristic p 0,
Ž .and quotient field K quot O of characteristic zero.
Ž . Ž . Ž .Let C C A . By Irr G and Irr G we denote the set of all ordinaryG A
irreducible and all A-invariant ordinary irreducible characters of G,
respectively. Let D be a fixed p-subgroup of G contained in C. In her
 recent paper 19 Watanabe proved that for any A-invariant p-block B of
Ž .G with defect group D, first of all, any  Irr B is A-invariant and then
the set
 G , A    Irr B 4Ž . Ž . Ž .
Ž .forms the set Irr B of all ordinary irreducible characters of a p-block B1 1
of C with defect group D. She calls the p-block B of C the Glauberman1
correspondence of B; see Definition 2.11.
In Section 2 we give a new definition of the Glauberman correspon-
Ž .dence of A-invariant p-blocks B of G with defect group D C C AG
and the p-blocks B of C with defect group D; see Definition 2.9. We1
show in Theorem 2.12 that Watanabe’s notion and our notion of a
Glauberman correspondence of blocks coincide.
Using our more practical definition we prove in Section 3 our main
result:
THEOREM 1.1. Let G be a finite group and let A be a solable subgroup of
Ž . Ž    .Aut G with G , A  1. Let D be a fixed p-subgroup of G contained in
Ž .C C A . Let B be an A-inariant p-block of G with defect group D. ThenG
its Glauberman correspondent B is a p-block of C with defect group D. If the1
Ž . Ž .Brauer correspondents of B and B in NN D and N N D are1 G 1 C
Ž . Ž . Ž .denoted by Br B and Br B , respectiely, then the F-algebras Br B and1
Ž .Br B are Morita equialent.1
In Corollary 3.4 we prove the following application of this result. If G is
also p-solvable, B is a p-block with an abelian defect group D C, and
B is its Glauberman correspondent in C, then even the F-algebras B and1
B are Morita equivalent. This answers a question of Watanabe posed to1
the second author.
Concerning the notation and terminology we refer to the books by Feit
     4 , Isaacs 11 , and Nagao and Tsushima 16 . For the sake of complete-
ness we also explain the following notation.
KOSHITANI AND MICHLER506
Ž .Let R be any ring. Then, we denote by J R the Jacobson radical of R
 and by R the set of all units of R. For R-modules X and Y we write X Y
if X is isomorphic to a direct summand of Y.
Ž .For a positive integer n we write Mat R for the ring of all n nn
matrices with entries in R. For groups M and N, NM denotes a
semidirect product of M by N, where N is a normal subgroup of NM.
2. THE GLAUBERMAN CORRESPONDENCE
OF p-BLOCKS
Let G be a finite group and let A be a solvable subgroup of the
Ž . Ž    . Ž .automorphism group Aut G of G such that G , A  1. Let C C A .G
Throughout this section we fix the following notation. Let D be a
Ž . Ž .p-subgroup of G contained in C C A . Let NN D , KD G G
Ž . Ž . Ž .C D , NND, and K KD. Let N N D , K D  C D ,G 1 C 1 C
N N D, and K  K D.1 1 1 1
Ž .LEMMA 2.1. The groups C D , K , and N are all A-inariant.G
The following result is essentially due to Watanabe; see the proof of
 Corollary 2 of 19, p. 556 . It plays an essential role in the proof of the
main theorem of this article.
Ž .LEMMA 2.2. NN  C D N  K.1 G 1
Ž .Proof. Let  C D , where G A.
Ž . Ž .First, we claim that N A  C. Take any gN A and any a A.G G
Let a gag	1  A. Then, gG, g a	1 ga a	1a  a	1 ga, and
a	1 gaG. Hence, a	1aG
 A 1, so that a a. Thus, g C.
Ž .Let M C D . We claim that MAM A. Clearly MAG
since D C. Take any x. Then, we can write x ga for some gG
and a A. Then, g xa	1  A since D C, which means that




It is sufficient to show that NN  M. Take any nN. Since n1
Ž . n Ž    .N D  and A, it follows that A A . Since A , : A  1,
we get from the theorem of SchurZassenhaus that An Am for some
m. Since  AM, we may assume that mM. Then, nm	1 
Ž . Ž . 	1 	1N A 
GN A , so that nm  C from the above. Thus, nm  G
N , so that nN  M.1 1
The following result is due to Watanabe; see Proposition 1 of 19,
p. 552 .
PROPOSITION 2.3. Let B be an A-inariant block of G with defect group D
Ž .contained in C. Then, any  Irr B is A-inariant.
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The following subsidiary result is due to Wolf; see Lemma 2.5 of 20,
p. 329 .
LEMMA 2.4. Let M be an A-inariant normal subgroup of G. If GMC,
Ž .then, for any  Irr G , all irreducible constituents of  are A-A M
inariant as well.
The following result is a restatement of Theorems 2.6 and 3.4 of
 Hamernik and Michler 8, pp. 1, 6 .
Ž .PROPOSITION 2.5 Brauer’s extended first main theorem . Let D be a
Ž .p-subgroup of G, and let NN D . Then there is a one-to-one correspon-G
Ž .dence between the set of all p-blocks B of G with defect group  B  DG
and the set of all N-conjugacy classes of all p-blocks b of K which are coered
only by p-blocks of N with defect group D.
Ž .DEFINITION 2.6 Brauer . Let B be a p-block of a finite group G with
Ž . Ž .defect group D and the Brauer correspondent Br B in NN D .G
Ž .Then, by Proposition 2.5, Br B covers a unique N-conjugacy class of
Ž .p-blocks b of KD  C D with defect group D. Each such p-block b ofG
K is called a root of B.
Let K KD, and let 	 : FK FK be the canonical F-algebra epimor-
Ž .phism having the augmentation ideal 
D FK as kernel. Then, by Lemma
  Ž .8.2 of 15, p. 492 , 	 b is a p-block of K with defect zero. Its unique
Ž .irreducible ordinary character  Irr K is called the canonical character
of the p-block B. It is uniquely determined by B up to N-conjugacy, where
NND.
PROPOSITION 2.7. Let B be an A-inariant block of G with defect group D
Ž . Ž .contained in C. Let Br B be the Brauer correspondent of B in NN D .G
Then,
Ž . Ž .a Br B is A-inariant.
Ž . Ž .b Br B coers a unique N-conjugacy class of A-inariant p-blocks b
Ž .of KD  C D with defect group D.G
Ž . Ž .c The canonical character  Irr K of B is A-inariant, where
K KD.
˜ Ž .Proof. Let B Br B .
˜aŽ .a Take any a A. By Lemma 2.1, B is a block of N. Since
˜   B B as F NN -modules by Theorems 10.11 and 10.12 of 16, pp.NN
˜a G Ž . Ž .376377 , it follows that B  B. Hence we get the assertion a by
Brauer’s first main theorem.
Ž .b By Lemma 2.1, K is an A-invariant normal subgroup of N. Let b
˜ Ž .be any root of B in K , and let  Irr b be the canonical character of B.
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˜ ˜Ž .Since B covers b by Proposition 2.5, there is some  Irr B such that
Ž . Ž . Ž . ,   0. By a and Proposition 2.3,  Irr N . Moreover, byK K A
Ž . Ž .Lemma 2.2, NN  KN D  K C A  K. Hence  is A-invariant1 C N
by Lemma 2.4. Therefore b is A-invariant. The rest is obtained from
Proposition 2.5.
Ž . Ž .c This follows immediately from b and Proposition 2.3.
 The Glauberman correspondence of irreducible characters 6 is defined
 in Isaacs 11, pp. 219220 as follows.
Ž . Ž .THEOREM 2.8 Glauberman . Let AAut G be a solable group with
Ž    .G , A  1. Then, there is a uniquely defined one-to-one map
 G , A : Irr G  Irr CŽ . Ž . Ž .A
satisfying the following three conditions:
Ž . Ž . Ž . Ž Ž ..a If A  A then  G, A maps Irr G onto Irr C A .0 0 A A G 0
Ž . Ž . Ž . Ž Ž . . Ž .b In the situation of a ,  G, A   C A , AA  G, A .G 0 0 0
Ž . Ž .c Suppose that A is a q-group, where q is a prime. Let  Irr GA
 Ž .Ž .and   G, A  . Then,  is the unique irreducible constituent of C
such that the multiplicity of  in  is prime to q.C
After all these preparations we can now state our new definition of the
Glauberman correspondence of p-blocks of finite groups.
DEFINITION 2.9. Let G be a finite group, and let A be a solvable
Ž . Ž    .subgroup of Aut G with G , A  1.
Let B be an A-invariant p-block of G with defect group D C
Ž . Ž . Ž .C A . Let KD  C D , K KD, K D  C D , and K  K D.G G 1 C 1 1
Ž .  Then, C A  K by Theorem 14.5 of 10, p. 187 . Furthermore, theK 1
Ž . Ž .canonical character  Irr K of B is A-invariant by Proposition 2.7 c .
 Ž .Ž . Ž .Hence the Glauberman correspondent  K , A     Irr K of1 1
 is uniquely determined by Theorem 2.8. As  belongs to a p-block of K
 with defect zero by Definition 2.6, Navarro’s theorem 17, p. 517 asserts
that  belongs to a p-block b of K with defect zero.1 1 1
 By Lemmas 8.1 and 8.2 of 15, pp. 490, 492 , there exists a p-block b of1
Ž .K with defect group D such that 	 b  b , where 	 is the canonical1 1 1
	
F-algebra epimorphism FK FK having the augmentation ideal1 1
Ž .
D FK as kernel. Thus, the restriction of  to p-elements of K is1 1 1
Ž .the unique irreducible Brauer character of b . Let N N D . Then,1 1 C
Ž . DN , K N , and C D  K . Therefore, by Theorem 5.15 of 16, p.1 1 1 C 1
˜ N1 Ž .344 , the p-block B  b of N exists, and it is the unique p-block of1 1 1
N with defect group D covering b .1 1
˜Let B be the Brauer correspondent of B in C. Then, by Brauer’s first1 1
main theorem, B has defect group D.1
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Ž .The uniquely determined p-block B of C C A with defect group1 G
D is called the Glauberman correspondent of the p-block B of G with
defect group D.




Ž  . Ž  .Bl G D  B B  Bl C D1


 Brauer BrauerD D
correspondence correspondence
N1˜ ˜Ž Ž .  . Ž . Ž . Ž Ž .  .Bl N D D  B Br B B  b  Bl N N D DG 1 1 1 C


covering of blocks block induction
Ž Ž .  . Ž Ž .  .Bl KD  C D D  b b  Bl K D  C D DG 1 1 C


factor groups inverse image




We now want to show that our Definition 2.9 of the Glauberman
correspondence of p-blocks of finite groups G coincides with the original
one due to Watanabe. In order to state her definition, it is necessary to
restate the main result of her article.
Ž .THEOREM 2.10 Watanabe . Suppose that A is a solable subgroup of the
Ž . Ž    .automorphism group Aut G of a finite group G such that G , A  1. Let
Ž .B be an A-inariant p-block of G with defect group D C C A . Then,G
Ž .there exists a unique p-block W B of C such that
Irr W B   G , A    Irr B . 4Ž . Ž . Ž . Ž .Ž .
 Proof. See Theorem 1 of 19, p. 549 .
Ž . Ž . Ž .DEFINITION 2.11 Watanabe . The p-block W B of C C A givenG
in Theorem 2.10 is called the Glauberman correspondent of a p-block B of
Ž .G in the sense of Watanabe .
THEOREM 2.12. Let A be a solable subgroup of the automorphism group
Ž . Ž    .Aut G of a finite group G such that G , A  1. Let B be an A-inariant
Ž . Ž . Ž .p-block of G with defect group D C C A . Let G l G and W B beG
the Glauberman correspondents of B in C with respect to the Definitions 2.9
Ž . Ž .and 2.11, respectiely. Then, G l B W B .
Ž .Proof. Let b be a root of B in KD  C D with defect group D.G
Then, b is A-invariant by Proposition 2.7. Since A is solvable, Proposition
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  Ž .2 of 19, p. 552 asserts that the Glauberman correspondent W b is a
Ž .p-block of K  K
 C with defect group D. Applying Proposition 4 i of1
  Ž .19, p. 557 , it follows that W b is a root of the Glauberman correspon-
Ž .  dent W B in the sense of Definition 2.11. By Theorem 1 of 19, p. 549 ,
Ž . Ž Ž ..the p-block W B of C has defect group D. Let Br W B be the Brauer
Ž . Ž . Ž .correspondent of W B in N N D . Then, by Proposition 2.5, W b is1 C
Ž Ž ..covered only by the p-block Br W B of N .1
Ž . Ž .Certainly, Br B is an A-invariant p-block of NN D with defectG
  Ž Ž Ž ...  Ž .Ž . group D. By Theorem 1 of 19, p. 549 , Irr W Br B   N, A  
Ž Ž ..4 Ž Ž .. Irr Br B , and W Br B is a p-block of N N
 C with defect1
Ž .group D. Since all roots of Br B are N-conjugate by Proposition 2.7, we
may assume that the canonical character  of B belongs to the root b of
Ž .B. Let  Irr b be the irreducible character of K with D ker  such
Ž .that   when considered as a character of K KD. As Br B covers
b and as the restriction of  to p-elements of K is the unique irreducible
Brauer character of b, we have
 ,   0 for each  Irr Br B .Ž . Ž .Ž .K K
 As A is solvable, Theorem 13.29 of 11, p. 234 implies that
 N , A   ,  K , A   0Ž . Ž . Ž . Ž .Ž .K
C K
C
for all  Irr Br B .Ž .Ž .
 Ž .Ž .Now, by Frobenius reciprocity, we see that  N, A  is an irre-
Ž . C  Ž .Ž .ducible constituent of   , where    K , A  , which equals the1 1
 Ž .Ž .Glauberman correspondent    K , A  of the canonical character1
 of B. By Definition 2.9,  belongs to a p-block b of K  K
 C with1 1 1
Ž .defect group D. As C D  K and DN N
 C, it follows fromC 1 1
  Ž Ž .. Ž .N1Definition 2.9 and Theorem 5.15 of 16, p. 344 that G l Br B  b .1
Ž .Since  Irr b , we have
   K , A   Irr b 
 Irr W b .Ž . Ž . Ž . Ž .Ž .1 1
Ž . Ž Ž .. Ž Ž ..Hence, b W b , and Br W B G l Br B by Proposition 2.5.1
Ž Ž .. Ž Ž ..By Definition 2.9, Br G l B G l Br B . Now, Brauer’s first main
Ž . Ž .theorem asserts that G l B W B .
3. PROOF OF THE MAIN THEOREM
Our main result is stated in the Introduction as Theorem 1.1. By
Definition 2.9 and Brauer’s first main theorem on p-blocks, the Glauber-
man correspondence of p-blocks and the Brauer correspondence com-
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mute. Therefore, by Proposition 2.7 it suffices to prove Theorem 1.1 for
A-invariant p-blocks B with normal defect group D. This is done in
Proposition 3.3.
LEMMA 3.1. Let A be a solable automorphism group of a finite group G
Ž    .with G , A  1. Let D be a normal p-subgroup of G contained in
Ž . Ž .C C A . Let KD  C D , K KD, K  K
 C, and K  K D.G G 1 1 1
Let B eFG be an A-inariant block ideal of FG with block idempotent e
and with defect group D, and let B  e FC be its Glauberman correspondent1 1
in FC with block idempotent e . Then:1
Ž .a There exists an A-inariant block ideal b fFK with block idempo-
Ž .tent f coered by B such that its inertial subgroup T T f is A-inariant.G
Ž .b B  fFT is an A-inariant block ideal of FT with block idempotentT
f and with defect group D.
Ž . Ž .c BMat B as F-algebras.G : T  T
Ž . Ž .d Let  Irr K be the canonical character of B belonging to the
 Ž .Ž .block b of FK . Then, its Glauberman correspondent    K , A  1
Ž .Irr K is well-defined. There exists a p-block b of K containing  such1 1 1 1
Ž .that its inertial subgroup is T  T b  T
 C.1 C 1
Ž . Ž . Ž .T1e The Glauberman correspondent B of B in T is B  b .T 1 T 1 T 11
Ž . Ž .f B Mat B as F-algebras.1 C : T  T1 1
Ž . Ž  Ž ..g B  Mat F D  TK as F-algebras, where  T  Ž1.
2Ž . Ž .Z TK , F is gien by the cosets modulo max O of the uniquely deter-
2Ž .mined 2-cocycle  Z TK , O of TK with respect to the uniqueˆ
Ž .OK-lattice corresponding to the canonical character  Irr K of defect zero.
1Ž . Ž  Ž ..h B Mat F D T K as F-algebras, where  T  Ž1. 1 1 11 12Ž . Ž .Z T K , F is gien by the cosets modulo max O of the uniquely1 1
2Ž .determined 2-cocycle   Z T K , O of T K with respect to theˆ1 1 1 1 1
Ž .unique OK -lattice corresponding to the canonical character   Irr K of1 1 1
defect zero.
Ž .i TK T K .1 1
Ž .Proof. a Let b fFK be any root of B in K with block idempotent
Ž .f. By Proposition 2.7 b , b is A-invariant. Also its inertial subgroup
Ž .T T b is A-invariant as is easily seen.G
Ž . Ž .  b This holds by a and Theorem 5.10 of 16, p. 340 .
Ž . Ž . Ž .  c This holds by a and Theorem C iii of 13, p. 1768 .
Ž . Ž .d By a , b is A-invariant. Therefore its canonical character  is
Ž . Ž .  A-invariant. As C A  K by Theorem 14.5 a of 10, p. 187 , we knowK 1
Ž Ž .Ž . Ž . Ž .that    K , A  is well defined. As T T b  T  , Lemma1 G G
Ž .   Ž .2.5 b of 21, p. 506 asserts that T  T   T
 C.1 C 1
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Ž . Ž . Ž .e By a , T T b is A-invariant, and there is an A-invariantG
p-block B of T with defect group D covering b fFK such thatT
Ž .GB B . In particular, the p-blocks B and B have the same canonicalT T
Ž . Ž . Ž . Ž .character  Irr K . Since T  T b  T b 
 C by d , it follows1 C 1 G
Ž .from Definition 2.9 that the Glauberman correspondent B of B in TT 1 T 1
Ž .T1is B  b .T 11
Ž . Ž . Ž .f This is proved as c by means of e .
Ž .g Let V be the projective simple FK-module corresponding to the
Žcanonical character  of B, and let T TD. Then, there is a unique up
ˆ.to isomorphism OK-lattice V such that
ˆEnd V  O K.Ž .O K
T Tˆ ˆ Certainly, V   V  as OT-modules. By Conlon’s theorem 12, Theo-
rem 4.20, p. 163 , we know that
TˆEnd V   E with E  O   O for all x TK ,Ž . O T x x x x
xTK
Tˆwhere each  is an extended OT-endomorphism of V  such thatx
ˆ ˆ : V 1 V x is an OK-module isomorphism.x O K O K
2Ž .The 2-cocycle  Z TK , O is defined byˆ
	1 ˆ x , y  1      End V .Ž . Ž .ˆ Vˆ x y y x O K
ˆ ˆ Ž .As V VV max O , we get from Conlon’s theorem that
T   End V   F TK , where  x , y   x , y max O  FŽ . Ž . Ž .ˆŽ .FT
for all x , y TK ,
 and F TK is the twisted group algebra of TK over F with respect to
Ž . . Let P V be the projective cover of the simple FK-module V. Then,
  Ž .Lemma 5 of Schmid 18, p. 131 says that V and P V have cohomologous
2-cocycles. Thus, another application of Conlon’s theorem asserts that
Ž Ž . T .End P V  is a crossed product of FD over TK with respect to FT
Ž  . Ž Ž ..see 18, p. 130, lines 1011 because End P V  FD by the fact thatFK
V is the only simple FK-module in b. Then, it follows from M Lemma and
 A Theorem of Kulshammer 14, pp. 148, 164 that¨
T End P V   F D TK as F-algebras.Ž . Ž .Ž .FT
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Ž . TNow, P V  is a progenerator of the p-block B of FT because b isT
Ž  Ž ..only covered by B . Hence, B Mat F D TK as F-algebrasT T  Ž1.
Ž . Ž  .because B J B Mat F TK by the ArtinWedderburn theo-T T  Ž1.
rem.
Ž . Ž .h Similar to g .
Ž . Ž .i This is easy by d and Lemma 2.2.
Ž .LEMMA 3.2 E. C. Dade . Let KG such that K is A-inariant and
ŽK  K
 C, and assume that G CK note that K is arbitrary, not1
Ž . Ž .. Ž .necessarily D  C D , but that C is still C A . Let  Irr K such thatG G A
 Ž .Ž . Ž . is G-inariant, and let    K , A  , so that   Irr K and  is1 1 1 1
Ž  . 2Ž .C-inariant see 20, 3.5 Lemma . Let  Z GK , and  1
2Ž .Z CK , such that  is defined by  and GK and  is defined by 1 1 1
Ž Ž .  and CK in the usual ways see 11.7 Theorem in 11, p. 178 or Theorem1
  Ž . Ž ..5.7 in 16, p. 218 , and also the proofs of Lemma 3.1 g and h . Let

    B2 GK , H 2 GK ,Ž . Ž . Ž .G
and

     B2 CK , H 2 CK , .Ž . Ž . Ž .C 1 1 1 1
Assume, furthermore, that A is a cyclic group of prime order q. Then it follows
that

   
  H 2 GK ,Ž . Ž . Ž .G C 1
ia the isomorphism GK CK ,1
Proof. We can consider the semidirect products AG AG of G by
˜A and AK A K of K by A, respectively. Let G AG and
˜ ˜ ˜ Ž    .K A K. Clearly, KG. Since A , G  1,  has a canonical exten-
˜ ˜ ˜ ˜Ž . Ž . Ž  .sion  Irr K ; that is,    and AKer det  see 11, p. 220 .K
˜ ˜ ˜Ž .Then,  is G-invariant since  is G-invariant. Since  ,   1, itK K
Ž  .follows from a theorem of Dade Theorem 4.4 of 2, pp. 398399 that
˜ ˜  ˜ ˜² : ² : ² :G  G  as central extensions of  by GKGK , where G 
 is the Clifford extension for  in G; see 1, p. 237 .
˜ ˜ ˜ ˜ ˜ ˜Let C A CG and let K  A K  K. Clearly, K C and1 1 1
Ž .the character   Irr K is C-invariant. Since A C , the character q1 1 1
˜Ž . Ž .has q different extensions to characters    Irr K , for  Irr A .1 1
˜ ˜² : ² :Each   is C-invariant. Hence, C   C   as central exten-1 1 1
 ˜ ˜ Ž .sions of  by CK  CK for all  Irr A .1 1
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 4Now, we claim that there are integers n 0 and  1 such that
n  if  1A
˜ ,    Ž .˜ž /K 1 ˜1 K ½1  4n if  Irr A  1 .Ž . A
˜Ž . Ž . Ž . Let m  , 1   . Then, by Theorem 13.32 a and e of 11,˜ ˜K A 1 K1 1p. 236 ,
1
	1˜m  ak   kŽ . Ž .Ý 1 1 1˜ K k K1 1 1
aA
1
	1 	1˜  k   k   ak   kŽ . Ž .Ž . Ž .Ý Ý1 1 1 1 1 1  ž /q K1 k K k K1 1 1 1
 4aA 1
1 1
	1  ,      k   a   kŽ . Ž .Ž . Ž .ÝK 1 1 1 1 1K1 1   ž /q q K1 k K1 1
 4aA 1
1  1
	1  ,    k   k  aŽ . Ž .Ž . Ž .Ý ÝK 1 1 1 1 1K1 ž /1 ž / q q K1 k K  4aA 11 1
1 
  ,    aŽ .Ž . ÝK 1 K1 1q q  4aA 1
 4 Ž . 2for some  1 and some  Irr A such that   1 and  1 ifA A
q is odd.
˜Ž .  4 Ž .Next, fix any  Irr A  1 , and let n  ,   . Thus, as˜ ˜A K 1 K1 1
above, we get
1
	1 	1˜n  ak   k   aŽ . Ž .Ž .Ý 1 1 1˜ K k K1 1 1
aA
1
	1 	1 	1˜  k   k   ak   k   aŽ . Ž . Ž .Ž . Ž .Ý Ý1 1 1 1 1 1  ž /q K1 k K k K1 1 1 1
 4aA 1
1 1
	1 	1  ,      k   a   k   aŽ . Ž . Ž .Ž . Ž .ÝK 1 1 1 1 1K1 1  q q K1 k K1 1
 4aA 1
1 
	1  ,    a   a ,Ž . Ž .Ž . ÝK 1 K1 1q q  4aA 1
GLAUBERMAN CORRESPONDENCE OF p-BLOCKS 515
Ž . where  and  are the same as above; see Theorem 13.32 a of 11,
p. 236 .
If  1 , then we haveA
  
	1m	 n q	 1 	  a  q	 1 	 	1   .Ž . Ž . Ž . Ž .Ž .Ýq q q 4aA 1
Ž .  If  1 , then q 2 by Theorem 13.32 e of 11, p. 236 , so thatA
 , which implies that
  2
m	 n 	1 	  a  	1 	 q	 1 	 .Ž . Ž . Ž . Ž .Ž .Ýq q q 4aA 1
Ž .Hence, m n  , and  holds.
˜ ˜ ˜ ˜ Ž .Note that GKGK CK  CK ,  Irr K and  is G-1 1
˜ ˜ ˜ ˜Ž . Ž .invariant,  Irr K and  is G-invariant,   Irr K and  is C-1 1 1
˜ ˜Ž .invariant, and    Irr K and   is C-invariant for all 1 1 1
Ž .Irr A .
² : ² :  Now, in order to prove that G   C  , by Theorem 15.8.5 of 7 ,1
   ² :originally due to Gaschutz 5 , it is enough to show that RK  ¨
 ² :    Ž .RK  for any prime r with r GK and any R Syl C . Fix any1 1 r
˜Ž .such r and R. Clearly, RK  C A . Let G RK , C RK , G  A1 R K 1
˜G, and C A C.
˜ ˜ ˜Ž . Ž .Let n be the fixed integer n of  ; i.e., n  ,  for   ˜ ˜K 1 K 11 1˜Ž . Ž .  Irr K with  Irr A .1 1
˜ ˜Ž .Case 1. Assume that r n. Let      Irr K such that 1 1 1
˜ ˜Ž . Ž   .Irr A with  1 . Since GK , n  1 by the assumption, we get againA
˜ ˜ ˜ ˜  ² : ² :from Dade’s Theorem 4.4 of 2, pp. 398399 that G   C  as1
 ˜ ˜ ˜ ˜central extensions of  by the r-group GK CK . So, we have the1
following isomorphisms
˜ ˜ ˜ ˜² : ² : ² : ² :G  G   C   C  Ž .1 1 1
of Clifford extensions.
 Case 2. Assume that r n. Since r n, r does not divide n  . Thus,
˜ ˜ ˜ ˜Ž   . Ž . Ž .GK , n 1  1. We know by  that  ,   n  , where˜ ˜K 1 K1 1˜ ˜Ž .   1    Irr K . Hence, as in Case 1, Dade’s Theorem 4.4 of 2,1 A 1 1
 Ž .pp. 398399 asserts that we have the same chain  of isomorphisms of
Clifford extensions.
² : ² : Ž .Therefore, G   C  in any case. This means that 
  1 G
2 Ž . Ž .
  H GK , by GK CK . This completes the proof.C 1 1
PROPOSITION 3.3. Let D be a normal p-subgroup of G contained in
Ž .C C A . Let B eFG be an A-inariant block ideal of FG with blockG
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idempotent e and with defect group D, and let B  e FC be its Glauberman1 1
correspondent in FC with block idempotent e . Then the F-algebras B and B1 1
are Morita equialent.
Proof. Using Theorem 2.8 and induction we may assume that A is of
prime order q. Let b and b be the roots of the p-blocks B and its1
Ž . Ž . Ž .Glauberman correspondent B , respectively. By assertions c , d , e , and1
Ž . Ž .f of Lemma 3.1 we may also assume that G T T b and C T G 1
Ž .T b .C 1
Ž . Ž .Then by assertions g and h of Lemma 3.1 we have
BMat F D GK as F-algebrasŽ .Ž . Ž1.
for  Z 2 GK , F ,Ž .
and
1B Mat F D CK as F-algebrasŽ .Ž .˜1  Ž1. 11
for   Z 2 CK , F .Ž .1 1
Note that K is A-invariant by Lemma 2.1 and that G CK by Lemma
2.2. Applying Lemma 3.2 we now see that the two factor sets  and  are1
cohomologous via the group isomorphism GK CK . Thus1
 1F D GK  F D CK as F-algebrasŽ . Ž .1
and therefore the block ideals B and B are Morita equivalent.1
In fact, the above proof shows that both F-algebras B and B1
of Proposition 3.3 are Morita equivalent to the twisted group algebra
 Ž . 2Ž .F D TK for a fixed factor set  Z TK , F .
COROLLARY 3.4. Let G be p-solable, and let A be a solable subgroup of
Ž . Ž    .Aut G with G , A  1. Let B be an A-inariant p-block of G with
Ž .abelian defect group D C C A , and let B be the Glauberman corre-G 1
spondent of B in C. Then the F-algebras B and B are Morita equialent.1
 Ž . Proof. By a theorem of Dade 3, Assertion 6 , p. 402 or Theorem 1.1
  Ž .of 9 , B and its Brauer correspondent Br B are Morita equivalent. So are
Ž .B and Br B . Since the Glauberman correspondence of p-blocks and the1 1
Brauer correspondence commute by Definition 2.9, the assertion follows
from Theorem 1.1.
ACKNOWLEDGMENTS
The authors are grateful to Professor E. C. Dade for informing them about his Lemma 3.2
and for permitting them to present his proof in this paper. The authors are also grateful to
GLAUBERMAN CORRESPONDENCE OF p-BLOCKS 517
 Professor A. Watanabe for several helpful explanations of her work 19 and to the referee
for useful comments and remarks on the first version of this paper.
A part of this paper was written while the first author was staying at the Institute for
Experimental Mathematics, University of Essen, Germany for 5 months, at the Mathematical
Institute, University of Oxford, England for 2 months, and at the Department of Mathemat-
ics, University of Georgia, for 3 months in 19992000. He would like to thank the second
author, Professor K. Erdmann, and Professor J. F. Carlson for their kind hospitality.
REFERENCES
Ž . Ž .1. E. C. Dade, Compounding Clifford theory, Ann. of Math. 2 91 1970 , 236290.
Ž . Ž .2. E. C. Dade, Isomorphisms of Clifford extensions, Ann. of Math. 2 91 1970 , 375433.
3. E. C. Dade, A correspondence of characters, in ‘‘The Santa Cruz Conference on Finite
Groups,’’ Proceedings of Symposia in Pure Mathematics, Vol. 37, pp. 401403, Am. Math.
Soc., Providence, RI, 1980.
4. W. Feit, ‘‘The Representation Theory of Finite Groups,’’ North-Holland, Amsterdam,
1982.
5. W. Gaschutz, Zur Erweiterungstheorie der endlichen Gruppen, J. Reine Angew. Math.¨
Ž .190 1952 , 93107.
6. G. Glauberman, Correspondences of characters for relatively prime operator groups,
Ž .Canad. J. Math. 20 1968 , 14651488.
7. M. Hall, Jr., ‘‘The Theory of Groups,’’ Macmillan Co., New York, 1959.
8. W. Hamernik and G. O. Michler, On Brauer’s main theorem on blocks with normal
Ž .defect groups, J. Algebra 22 1972 , 111.
9. M. E. Harris and M. Linckelmann, Splendid derived equivalences for blocks of finite
Ž . Ž .p-solvable groups, J. London Math. Soc. 2 62 2000 , 8596.
10. B. Huppert, ‘‘Character Theory of Finite Groups,’’ de Gruyter, Berlin, 1998.
11. I. M. Isaacs, ‘‘Character Theory of Finite Groups,’’ Academic Press, New York, 1976.
12. G. Karpilovsky, ‘‘The Jacobson Radical of Group Algebras,’’ North-Holland, Amsterdam,
1987.
Ž .13. B. Kulshammer, On p-blocks of p-solvable groups, Comm. Algebra 9 1981 , 17631785.¨
14. B. Kulshammer, Crossed products and blocks with normal defect groups, Comm. Algebra¨
Ž .13 1985 , 147168.
15. G. O. Michler, Blocks and centers of group algebras, in ‘‘Lectures on Rings and
Modules,’’ Lecture Notes in Mathematics, Vol. 246, pp. 429563, Springer-Verlag, Berlin,
1972.
16. H. Nagao and Y. Tsushima, ‘‘Representations of Finite Groups,’’ Academic Press, New
York, 1989.
17. G. Navarro, Some open problems on coprime action and character correspondences,
Ž .Bull. London Math. Soc. 26 1994 , 513522.
Ž . Ž .18. P. Schmid, Twisted group algebras and Clifford extensions, Arch. Math. Basel 35 1980 ,
127137.
19. A. Watanabe, The Glauberman character correspondence and perfect isometries for
Ž .blocks of finite groups, J. Algebra 216 1999 , 548565.
Ž .20. T. R. Wolf, Character correspondences in solvable groups, Illinois J. Math. 22 1978 ,
327340.
21. T. R. Wolf, Character correspondences induced by subgroups of operator groups,
Ž .J. Algebra 57 1979 , 502521.
